
Lumping Nonlinear Kinetics in a CSTR 

The model of uniform nonlinear kinetics recently developed for the 
continuous description of a multicomponent mixture reacting in a batch 
or plug flow reactor (Astarita, 1989) is applied to the analysis of a con- 
tinuous stirred tank reactor (CSTR). It is shown that most of the equa- 
tions can be solved in general, independently of the specific kinetic 
mechanism. Some specific mechanisms are discussed. The difference 
between the behavior in a plug flow reactor (PFR) and a CSTR turns out 
to be quite dissimilar from what one would expect by considering the 
single-component case. 

Introduction 
When dealing with mixtures containing a large number of 

components, it is often useful to choose a continuous description 
(de Donder, 1931; Aris and Gavalas, 1966). One then is inter- 
ested in determining the ‘‘lumped’’ concentration, i.e., the inte- 
gral of the concentration distribution function. There have been 
several recent papers dealing with the continuous description of 
the lumping of nonlinear kinetics (Aris, 1989; Astarita, 1989; 
Astarita and Ocone, 1988; Chou and Ho, 1988, 1989; Ho and 
Aris, 1987); the continuous description of the lumping of linear 
kinetics dates back to 1968 (Aris). These papers deal with the 
case of a batch reactor, and of course the same results apply also 
to a plug flow reactor (PFR). In this paper, we address the ques- 
tion of lumping nonlinear kinetics in a continuous stirred tank 
reactor (CSTR). 

Consider a CSTR reactor with an average residence time T’. 
Let x be the (dimensionless) reactant label; we will usey instead 
of x when the label is regarded as a dummy one. Let the feed 
stream concentration distribution be C*G(x), i.e., C*G(x)dx is 
the concentration of species with labels between x and x + dx in 
the feed; G ( x )  is normalized so that its integral is unity, and C* 
is the lumped concentration in the feed. Let the concentration 
distribution in the CSTR and in the exit stream be C * g ( x ) .  The 
overall (or lumped) concentration in the exit stream, C, is given 
by 1 

As for the kinetics of the reaction, we consider the case 
termed uniform by Astarita and Ocone (1988). Let k*h(x)  be 
the frequency factor for component x:  by requiring the integral 
of h ( x ) G ( x )  to be unity, k* is identified with the average value 
of the frequency factor in the feed. Let r ( x )  be the rate of con- 
sumption of reactant x per unit volume in the CSTR environ- 
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ment. The uniform kinetics model assigns the following consti- 
tutive equation for r ( x ) :  

r ( x )  = k * h ( x ) C * g ( x ) A  (2) 

The factor A in Eq. 2 is the term which allows for nonlinear 
kinetics, since it depends on the whole spectrum of weighted 
concentrations. Let K‘(x )  be the weighting factor of component 
x,  and let K ( x )  = C*K’(x) be the corresponding dimensionless 
weighting factor. Then the nonlinearity factor is given by the 
following equation: 

(3) 

F[] is some function describing the kinetics which would be 
identically equal to unity in the case of linear kinetics. Different 
nonlinear kinetics can be described by assigning appropriate 
forms to the F [ ]  function. The “uniformity” comes in because 
the weighting factor distribution K( .) depends only ony  and not 
on x, so that the value of F [ ]  is the same for all components in 
the mixture. 

Let T = k*T’ be the dimensionless residence time in the 
CSTR. The mass balance for component x over the CSTR 
reads: 

Substituting this into Eq. 3 yields: 

( 5 )  

which is an implicit equation for the constant A which can be 
solved in general, even if only numerically often. Once A has 
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been obtained from the solution of Eq. 5, Eq. 4 gives the 
required concentration distribution in the CSTR, and Eq. 1 can 
be used to calculate the lumped concentration in the exit 
st ream. 

The case where the kinetics are linear is recovered trivially. 
Equation 3 degenerates to A = 1, and Eq. 4 gives g ( x )  explic- 
itly: 

Solution Technique Independent of Kinetics 
In  this section, the solution technique is developed to the 

extent that it can be done without assigning any specific form to 
the kinetic function F [ ] .  One first needs to assign the distribu- 
tions G ( x ) ,  K ( x ) ,  and h ( x ) .  Without significant loss of generali- 
ty, one can, by appropriate rescaling, set h ( x )  to be x .  This is 
legitimate provided there are no two reactants having exactly 
the same value of k .  We choose the following forms for G ( x )  and 
K ( x ) :  

The distributions represented by Eqs. 7-8 have been called a, 
B, r distributions by Ark (1989). They are such that the overall 
concentration in the feed and the average value of h (but not of 
K )  are normalized to be unity: 

lm G(x) d x  = I ;  l" K ( x ) G ( x )  d x  = K* 
0 

l" h ( x ) G ( x )  dx  = f" xC(x) dx  = 1 (9) 
0 

Let Q = AT.  Substitution of Eqs. 4 and 7 into Eq. 1 gives the 
lumped concentration in the exit stream in terms of Q: 

Equation 10 can always be solved numerically. When a is an 
integer, the solution can be obtained explicitly. It is best 
expressed in terms of the following two functions, which are use- 
ful also in the subsequent analysis ( I  is a nonnegative integer): 

H ( a ,  Q, I )  = -( - l)'a'+'ea/Q Q-('+')Ei(-a/ Q ) / I !  (12) 

where E i ( )  is the exponential integral function. 
The lumped concentration in the exit stream is given by: 

U = f (a, Q, a - 1) + H ( a ,  Q, - 1)  (13) 

Equation 10 can easily be solved numerically for any value of 
a. Before presenting some such solutions, it is useful to look at  
asymptotic behaviors. First, consider the limit where the dimen- 
sionless time T approaches zero (very low conversions). The 

Taylor series expansion truncated at the second order gives: 

U = 1 - Q + (a  + I)@//(.. . . (14) 

Conversely, one may look for an expansion in terms of powers 
of 1 / Q  to be used for very large residence times and conversions 
approaching 100%. This is possible for a > I ,  and one obtains 
thc following leading term: 

It should be borne in mind that, for very small residence 
times, one is not so much interested in the value of U (which is 
bound to be close to unity), but in  the conversion 1 - U. Con- 
versely, for large residence times one is not so much interested in 
the value of the conversion (which is bound to be close to unity), 
but in the value of the residue U. It is therefore convenient to 
define the quantity 1.1 as follows: 

The quantity g approaches the inverse of the conversion at 
low conversions and the residue a t  low residues. Equations 14 
and 15 now yield directly the two asymptotic behaviors of 1.1 vs. 
Q: 

In  the single-component case ( a  = m), the two asymptotes 
coincide, and one simply has g = 1 / Q  for all values of Q. As a 
decreases, the two asymptotes become quite distant from each 
other, and the transition is extremely smooth. Figure 1 gives the 
g ( Q )  curve for a = 2 and for a = 1.1. The case where a = 1 gives 
the result: 

As Q approaches CO, the righthand side of Eq. 19 approaches 
(In Q ) / Q ,  i.e., the slope in a log-log plot of U vs. Q never 
becomes - 1, as it does for all other values of a. Physically, this 
result is not surprising, since the case a = 1 has a unique proper- 
ty: it is the only one for which there is a finite concentration of 
components with vanishingly small frequency factors in  the feed 
stream. 

Plots such as in Figure 1 give the complete solution for the 
case of first-order kinetics, where A = 1, and hence Q is simply 
the dimensionless residence time T.  Incidentally, the results 
above show that, for an initially exponential concentration dis- 
tribution (a  = I ) ,  the dimensionless concentration U in the exit 
stream for linear kinetics approaches In TIT for very large 
dimensionless residence times. The single-component case is 
also recovered correctly, since for a approaching m one obtains 
I /  = I / (  1 + T )  as required. 

We now come to the solution of Eq. 5 .  Let K be the argument 
of the F [ ]  function: 

1928 December 1989 Vol. 35, No. 12 AIChE Journal 



where 
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Figure 1. vs. 0 curve for CY = 2 and CY = 1.1. 

) . O O  

Equations 23 and 25 suggest to plot K f K *  vs. the quantity Y 
defined as follows: 

We first restrict attention to the case where D is positive. The 
value of K / K *  can be obtained formally if Q is integer: 

For small values of the residence time, one obtains: 

K = K * - Q K * ( a + @ ) f a +  . . .  (23) 

In this case the leading term, K * ,  is what one is mainly inter- 
ested in, and hence one does not need to introduce a quantity 
analogous to p. If Eq. 23 is substituted into Eq. 3, the result is 
substituted into Eq. 14, and only terms up to second order in T 
are retained, one obtains: 

U == 1 - F ( K * ) T  + T * [ ( a  + 1 ) F 2 ( K * ) / a  

+ (a  + P)K*F(K*  ) F ' ( K * ) / a ]  + . . (24) 

Equation 24 deserves some detailed comments. First of all, if 
the expansion is truncated a t  the first-order term, one gets the 
same result, U = 1 - F ( K * ) T ,  as for a PFR: to within first order 
in the residence time, the CSTR behaves just as a PFR, as one 
expects it to do. Differences, however, appear a t  the second- 
order term, which in the CSTR is twice as large as in the PFR. 
The single-component case is of course recovered correctly, 
since when a approaches m the coefficients (a  + l ) / a  and 
( a  + P)/a both approach unity. 

The low Texpansion holds for arbitrary values of Q. The situ- 
ation is different for the converse case of large Q values, where 
an expansion in terms of powers of 1 / Q  is possible only if D > 0. 
The leading term is: 
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When a approaches 03, i.e., in the single-component case, the 
equation for K / K *  is trivially: 

K / K *  = C =  1 / ( 1  + Q )  = 1/(1 + Y )  (27) 

Curves for some combinations of values of a and P are given 
in Figure 2. For Q values in excess of unity, the curves are very 
close to each other, and Eq. 27 is an approximate equation which 
can be used with some confidence in the estimation of K as  a 
function of Q .  

Now focus attention on the case of very large residence times, 
large enough for the asymptotic expansions being truncated at  
the leading term. Since all reactions considered in this paper are 
irreversible, a t  very large residence times the concentrations of 
all species become vanishingly small, and hence the quantity A 
approaches F[O] .  The question which arises is of course whether 
F[O] is or is not finite, and this is briefly discussed in the follow- 
ing. 

If one accepts the thermodynamic analysis (with the concom- 
itant assumptions) of Astarita and Ocone (1988), which regards 
the reactions as truly irreversible, then indeed F[O] is finite, and 
by renormalization of the value of k* one can indeed take F[O] 
to be unity. This sets k*x  as the first-order rate constant in the 
neighborhood of equilibrium for component x .  This, however, 
excludes from consideration kinetics which are intrinsically nth 
order, for which one would have F [ K ]  = K"-' ,  so that, except for 
the linear case n = 1, F[O] would approach either 0 or w depend- 
ing on whether n is larger or smaller than one. Astarita and 
Ocone ( l988) ,  however, have presented an argument to show 
that an  nth-order irreversible reaction is not a realistic situation 
unless n = 1 .  If one sets F[O] to unity, thus excluding nth-order 
kinetics from consideration, the following equations hold for a 
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CSTR with very large residence times: K/K* as a function of Q; the curve is guaranteed be monol- 

U T = I n T ;  a = l  (29) 

Specific Kinetic Schemes 
In principle, the procedure to follow in order to obtain the 

solution for any given kinetic form consists of the following 
steps. 

1. The values of a, p, K*, and T a r e  data of the problem when 

onous one. It is convenient in fact to plot Q vs. K / K * ,  as in the 
right half of Figure 3. 

2. The appropriate p(Q)  curve is read from a plot of the type 
given in Figure 1 and is plotted as Q vs. p as in the left half of 
Figure 3. (Note that the fi  axis points leftwards.) 

3. Once F[] has been assigned (i.e., the kinetic form is given), 
one plots on the right side the curve T F ( K )  vs. K / K * .  In Figure 
3, we have chosen A to be 1/(1 + K), which corresponds tmo 
Langmuir isotherm kinetics. The intersection of this curve with 
the other one (if it exists) determines the value of Q, and now p 
can be read from the left-side curve, as shown by the two lines 

the unknown is the total conversion 1 - U. Thus one can plot with arrows. 
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Figure 3. Graphical solution of the problem. 
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Should the unknown be the design variable, i.e., the value of 
T, the first two steps would be the same. One would now read Q 
from the left side plot, and K / K *  from the right side one. Since 
Q = T F [ K ] ,  this yields the desired value of T. Note that this 
second procedure is guaranteed to yield a value of T, provided 
F[] is defined for all nonnegative values of K less or equal to K*. 
The first procedure is not guaranteed to give an intersection for 
those cases where there are no reactants with vanishingly small 
frequency factor, and the intrinsic kinetics are such that a finite 
exhaustion time exists; then any time larger than the exhaustion 
time of the most refractory component is uselessly large and no 
intersection will be found. 

We now move to the consideration of two specific kinetic 
schemes, which we believe are realistic ones. The first one is that 
of Langmuir Isotherm Kinetics (LIK), for which F [ K ]  = I /  
( I  + K ) .  We examine a special case in the following, by assign- 
ing the parameters a = 2, @ = 9, and K* = 5. These are admit- 
tedly rather extreme values, but they have been chosen in order 
to point out vividly the sort of behavior which can be predicted 
for mixtures. Figure 4 is a conversion plot of U vs. T for four 
cases: the mixture CSTR and PFR, and, for comparison, the sin- 
gle-component (a = W) CSTR and PFR. Several striking fea- 
tures are worth noting. First, the difference in behavior between 
a CSTR and a PFR is much more marked for a mixture than it 
is for a single component. At a conversion level of 60% 
(U = 0.4), for the single-component case the CSTR needs a resi- 
dence time only 15% larger than the PFR; in the mixture case, 
the CSTR needs more than twice the residence time of the PFR. 
The PFR mixture case clearly shows the apparent negative- 
order behavior predicted by Astarita (1989) for the case where @ 
and K* are large: the curvature is markedly negative up to con- 
versions of about 70%. Of course, all curves begin with the same 
slopeof - F [ K * ]  = -1/6.  

The LIK is a realistic kinetic scheme, and it yields a finite 
value of F[O].  For all kinetic schemes enjoying this property, a t  
very large residence times the intrinsic kinetics become linear, 

and Eqs. 28 and 29 can be used. We believe that every realistic 
kinetic scheme would reduce to linear behavior a t  very large res- 
idence times (i.e., when conditions approach equilibrium). 

In the LIK case, the apparent intrinsic order of reaction is less 
than unity. We now consider a converse case, that of a system of 
irreversible dimerization reactions governed by mass action 
kinetics. First, consider the discrete case, where the rate of con- 
sumption of component I would be written as: 

The matrix k ,  is necessarily symmetrical, since kf,c,cJ repre- 
sents the rate of the reaction which consumes both the I and J 
components. If Eq. 30 is to be cast in a form which can be gener- 
alized to Eq. 2, one needs to write: 

This shows that the weighting factors K j  must be directly pro- 
portional to the kinetic constants k,, or, in the formalism consid- 
ered here, @ must be unity. With this, the continuous mixture 
kinetic description reduces to: 

F [ K ] = K ;  @ = I ;  K * =  1 (32) 

The last one of 32 is a normalization which is possible because 
of the monomial nature of F [ ] ;  this is related to the dimensional 
degeneracy of nth-order kinetics, which was discussed by Astar- 
ita and Ocone (1988). 

The intrinsic order of reaction is of course n = 2; and hence in 
the case of a PFR, the apparent overall order of reaction N has a 
value of (2 a + 2)/a, as calculated from the equation given by 
Astarita (1989). This implies that the apparent overall order of 
reaction in a PFR may vary between a maximum of 4 and a min- 
imum of 2. Conversion plots of U vs. T for the case considered, 
with a = 2, are plotted in Figure 5. Both the CSTR and the PFR 

CSTR (SINGLE COMP) 
P F R  (SINGLE COMP) ;I -_- - -  CSTR (MIXTURE) 
P F R  (MIXTURE) 

a = 2  (MIXTURE) p=9 K * = 5  

0 2 4 6 8 10 12 14 16 18 

T 

Figure 4. Conversion plot for LIK kinetics, j3 = 9, K* = 5. 
The mixture curves are for a - 2. 

0 
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Figure 5. Conversion plot for dimerization kinetics. 
The mixture curves are for 01 = 2. 

a r e  significantly less efficient for the  mixture than they would be 
for the single component; mixture conversions larger than about 
70% would require exceedingly large residence times in the 
CSTR.  Again, one concludes that for both the PFR and  the 
CSTR the mixture behavior is very significantly different from 
that of a single component. This is not surprising, since the  sim- 
ple-minded analysis of the case where there a re  only two compo- 
nents (or only two ‘lumps’) would easily conduce to the  same  
conclusion. 
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Notation 
A = value of F [ ]  function 
C = lumped concentration in exit stream, kmol/m3 

C* = dimensional lumped concentration in feed, kmol/m’ 

f() = function defined in Eq. I 2  
F [ ]  = nonlinearity function 
g ( )  = concentration distribution function in exit stream 

G ( )  = concentration distribution function in  feed 
h ( )  = dimensionless frequency fator distribution 

H ( )  = function defined in Eq. 13 
I = a nonnegative integer 
i = dummy summation index in  Eq. I 2  

k * = average value of k ’ ( ) ,  s-’ 
k,, = kinetic constant for I -J  dimerization, m’/kmol.s 
k ,  = frequency factor for /component, s-‘ 

K ( )  = weighing factor distribution function 
K ’ ( )  = dimensional weighting factor distribution, m’/kmol 

E i ( )  = exponential integral function 

K = average value of K ( )  in the exit stream 
K *  = average value of K in the feed 
K ,  ~ weighting factor for J component, m3/kmol 

n = intrinsic order of reaction 
N = overall order of reaction in a PFR 
P = defined in Eq. 17 
Q = A T  

r ( )  = reaction rate distribution function, kmol/m3 
T = dimensionless residence time in CSTR 

T’ = dimensional residence time in the CSTR, s 
U = dimensionless lumped concentration in CSTR, =C/C* 
x = component label 
y = dummy component label 

a = parameter of gamma distribution 
f l  = parameter for K ( )  distribution 

Y = Q Q / a  

r() = gamma function 
p = U/( I  - U )  
B = ratio of CSTR to PFR residence time 
n=cu+p-1 
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